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Abstract 

In this paper, we prove the Kastler-Kalau-Walze type theorem for perturba- 
tions of Dirac operators for manifolds with or without boundary. As a corollary, 
we give two kinds of operator-theoretic explanations of the gravitational action 
on the boundary. We also compute the spectral action for Dirac operators with 
two form perturbations on 4-dimensional manifolds. 
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1 Introduction 

The noncommutative residue found in [Gu] and [Wo] plays a prominent role in non- 
commutative geometry. In [Col],Connes used the noncommutative residue to derive 
a conformal 4-dimensional Polyakov action analogy. In [Co2], Connes proved that 
the noncommutative residue on a compact manifold M coincided with the Dixmier's 
trace on pseudodifferential operators of order — dimM. Several years ago, Connes 
made a challenging observation that the noncommutative residue of the square of the 
inverse of the Dirac operator was proportional to the Einstein-Hilbert action, which 
was called Kastler-Kalau-Walze Theorem now. In [Ka], Kastler gave a brute-force 
proof of this theorem. In [KW], Kalau and Walze proved this theorem by the normal 
coordinates way simultaneously. In [Ac], Ackermann gave a note on a new proof of 
this theorem by the heat kernel expansion way. The Kastler-Kalau-Walze theorem 
had been generalized to some cases, for example, Dirac operators with torsion [AT], 
CR manifolds [Po], M"[BC]. 

On the other hand, Fedosov etc. defined a noncommutative residue on Boutet 
de Monvel's algebra and proved that it was a unique continues trace in [FGLS]. In 
[Sc], Schrohe gave the relation between the Dixmier trace and the noncommutative 
residue for manifolds with boundary. In [Wal],[Wa2], we give an operator theoritic 
explaination of the gravitational action for manifolds with boundary and prove a 
Kastler-Kalau-Walze type theorem for Dirac operators and signature operators on 
manifolds with boundary. 
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Connes'spectral action principle ([Co3]) in noncommutative geometry states that 
the physical action depends only on the spectrum. We assume that space-time is 
a product of a continuous manifold and a finite space. The spectral action is de- 
fined as the trace of an arbitrary function of the Dirac operator for the bosonic 
part and a Dirac type action of the fermionic part including all their interactions. 
In [CCl], Chamseddine and Connes computed the Spectral action for Dirac opera- 
tors on spin manifolds and the Chamscddine-Connes spectral action comprises the 
Einsiein-Hilbert action of general relativity and the bosonic part of the action of the 
standard model of particle physics. In [HPS], Hanisch, Pfaffle and Stephan derived 
a formula for the gravitional part of the spectral action for Dirac operators on 4- 
dimensional spin manifolds with totally anti-symmetric torsion. They also deduced 
the Lagrangian for the Standard Model of particle Physics in the presence of torsion 
from the Chamseddine-Connes spectral action. In [CC2], Chamseddine and Connes 
studied the spectral action for spin manifolds with boundary and generalized this 
action to noncommutative spaces which are products of a spin manifold and a finite 
space. In [IL], lochum and Levy studied the spectral action for Dirac operators with 
one form perturbations and proved that there were no tadpoles for compact spin 
manifolds without boundary. In [SZ], they investgated the spectral action for scalar 
perturbations of Dirac operators. Motivated by [IL], [SZ] and [HPS], wc studied the 
Dirac operators with general perturbations. We prove the Kastler-Kalau-Walze type 
theorem for general perturbations of Dirac operators for manifolds with or without 
boundary. By perturbations, we can give two kinds of operator-theoretic explanations 
of the gravitational action on the boundary. We also compute the spectral action for 
Dirac operators with two form perturbations on 4-dimensional manifolds and give 
detailed computations of spectral action for scalar perturbations of Dirac operators 
in [SZ]. 

This paper is organized as follows: In Section 2, we prove the Lichnerowicz for- 
mula for perturbations of Dirac operators and prove the Kastler-Kalau-Walze type 
theorem for perturbations of Dirac operators for manifolds with or without boundary. 
In Section 3, we prove the Kastler-Kalau-Walze type theorem for conformal pertur- 
bations of Dirac operators for manifolds with or without boundary. In Section 4, We 
compute the spectral action for Dirac operators with scalar and two form perturba- 
tions on 4-dimensional manifolds. 



2 The Kastler-Kalau-Walze type theorem for perturba- 
tions of Dirac operators 

2.1 The Kastler-Kalau-Walze type theorem for perturbations of Dirac op- 
erators for manifolds without boundary 

Let M be a smooth compact Riemannian n-dimensional manifold without bound- 
ary and F be a vector bundle on M. Recall that a differential operator P is of Laplace 
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type if it has locally the form 

P = -{g'^didj + A'di + B), (2.1) 

where {g^-')i<i,j<n is the inverse matrix associated to the metric g on M, and and 
B are smooth sections of End(y) on M (cndomorphism). If P is a Laplace type 
operator of the form (2.1), then (see [Gi]) there is an unique connection V on F and 
an unique endomorphism E such that 

P = -b*^(Va,Va, - V^L^g.) + E], (2.2) 

where denotes the Levi-civita connection on M. Moreover (with local frames of 
T*M and V), V = dx' (g) {di + Wj) and E are related to g^^ , and B through 

u^ = ^g,,iA^+g'^Ti^ld), (2.3) 

E = B- g'^idiicuj) + cuiojj - ojkV'^j), (2.4) 

where Ff, are the Christoffel coefficients of V^. 

Now we let M be a n-dimensional oriented spin manifold with Riemannian met- 
ric g. We recall that the Dirac operator D is locally given as follows in terms of 
orthonormal frames e^, 1 < i < n and natural frames di of TM: one has 

D = Y,g''c{di)V% =J2c{ei)Vi, (2.5) 



where 



Let 



V| = di + ai, CTj = 7 X] < ^di^j^^k > c(ej)c(efe). (2.6) 



4 

jk 



d^=g'^di, a' = g'^aj, V'^ = g'^Vf^. (2.7) 
By (6a) in [Ka], we have 

= -g'^didj - 2a^dj + V'^dk - g''[diiaj) + aiaj - V'^^ak] + ^s, (2.8) 

where s is the scalar curvature. Let * be a smooth differential form on M and we 
also denote the associated Clifford action by ^. We will compute := {D + *)^. 
we note that 

(L» + *)2 = 1)2 + L»* + ^-L* + ^-2, (2.9) 
D^+^D = Y,g'^ (c(90* + *c(9i)) dj + Y^a'' {<di)dj{^) + c(5,)(7,* + *c(5,)a,) . 

ij ij 

(2.10) 

By (2.8)-(2.10), we have 

Dl = -g'^didj + (-2(7^' + P + c{d^)^ + ^c{d^)) dj 
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+g'^[-di{aj) - GiOj + V%ak + c{di)dj{^) + c{di)Gj^ + '^c{di)aj\ + + (2.11) 
By (2.11), (2.3) and (2.4), we have 

'^i = ^i-^[c(5i)* + *c(5i)], (2.12) 

-^r^[c(5fe)* + *c(a,)] + la^Hdj)^ + ^dj)] 

+i[c(9,)* + Mdj)y - ^[c(50* + Mdi)Mdj)^ + (2.13) 

So 

Vx = Vi-^[c(X)^' + *c(X)]. (2.14) 

Since £^ is globally defined on M, so we can compute E' in normal coordinates. 
Taking normal coordinates about xq, then a^{xo) = 0, [c{dj)]{xo) = 0, T''{xo) = 
5^^(xo) = (^^ So 

E(xo) = ~s -^^ + ^[d^i^yid,) - cid,)d^m - \[c{di)^ + Mdi)?i^o) 
= ~s - *2 + ^[e,(*)c(ej) - c{ej)ej{^)] - ^[cisi)^ + ^'c(eO]'(xo) 

= -r " + ^tVe,(*)^(^^) - - i W^^)* + *c(e,)]^(xo). (2.15) 

And we get the following Lichnerowicz formula: 

Theorem 2.1 

(2.16) 

where Vg. is defined by (2.14)- 

We see two special cases of Theorem 2.1. When ^ = f, we have 

Vx = Vi-/c(X); E = ~s + {n-l)f. (2.17) 

Corollary 2.2 

Dj = -[5'^(Va,Va, - Vv^ a,)] + 7^ + (1 - (2-18) 
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When ^' = \f^c{X) and X = aie^ where ai is a smooth real function and 
e' is a dual orthonormal frame by parallel transport along geodesic, then Vy = 
+ v^£?(X,y), and by ej{c{ei)) = and de'(xo) = (see [BGV, Lemma 4.13]), 

E{xo) = -\s-\X\^+^[ej{a^)c{ek)c{ej)-c{ej)c{ek^^^^^ 

= -js + ^^^ej(a^)[c(efc)c(ej) - c(ej)c(efc)] 

= -^s + V^^ejia'')ciek)c{ej){xo) = -^s - ^/^c{dX){xo). (2.19) 

Corollary 2.3 

{D + V^ciX)f = -[g'^iVg^Ve, - Vv§^5,)] + \^ + V^c{dX). (2.20) 

When is a two form, we let ^' = '^Ylk<l^kl^'^ A = X^afe^e*^ A e', where 
m = -aik, and c(^) = ^akic{ek)c(ei). So 

=ei + ^^ujst{,ei)c{es)c{et) - ^ akic{ek)c{ei)c{ei), (2.21) 

s,t k,l^i 

where ojsti^i) denotes the connection coefficient. By (2.15), 

1 1 
E = --S- [akic{ek)c{ei)f + - {ej{aki) [c{ek)c{ei)c{ej) - c(ej)c(efc)c(e/)]} 

Wki {c{ei)c{ek)c{ei) + c{ek)c{ei)c{ei))f , (2.22) 
Let dim(5(rM)) = d, hy for k ^ l,k 

TV[c(efc)c(eOc(e^)c(e^)] = d(-5f 5f + ^.jf ), (2-23) 

we have 

TT{[akic{ek)c(ei)f} = -2dali. (2.24) 
Since the trace of the product of odd Clifford elements is zero, we have 
1 



Tr 



2 {ej(afei) [c(efe)c(e;)c(ej) - c{ej)c{ek)c{ei)]} 



0. (2.25) 



Tr {[aw (c(ej)c(efe)c(eO + c(efe)c(eOc(ej))]^| 

= akia-j^Tr [c(efc)c(e;)c(e^)c(e^)c(ei)^ + c(efe)c(e;)c(ei)^c(e^)c(ej-) 

+c(ei)c(efc)c(ej)c(ei)c(e^)c(e^) + c(efc)c(ei)c(ei)c(e^)c(e^)c(ej)] 

-2ndawa^-5^5| + ) - 2 ^ awafeTtV [c(efc)c(e/)c(e^)c(ej-)] 
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+2^afcia^Tr [c{ek)c{ei)c{ej^)c{ej)] + 2^afc;a^Tr [c{ek)c(ei)c(e^)c{ej)] 

i=k i=l 

= Andali + (n - 2)4da|; - Mali - Mali = 8(n - 2)dali. (2.26) 
By (2.22) and (2.24)-(2.26), we have 



tiE = --S + (6- 271)1^-1 



(2.27) 



and 



Corollary 2.4 let = ^akie'' A ancJ Ofc/ = -aik,then IrE = -^s + (6 - 2n)|*p. 
By (2.15) and Ti{AB) = Tr{BA), for the general we have 

Tr(£:) = Tr 



-Js-*'-^[c(eO* + *c(e,)f 



= Tr 



11 n ' 



By the Kastler-Kalau-Walze theorem (see [Ka],[KW]), we have 

:S + £')dvolM, 



(2.28) 



(2.29) 



where Wres denotes the noncommutative residue (see [Wo]). By (2.28) and (2.29), 
we have 

Theorem 2.5 For even n-dimensional spin manifolds without boundary, the following 
equality holds 



Wres(£>J"+^) 



(27r) 



(f-2)! 



Tr 



M 



11 r? ' 

--.--*c(e,)^'c(e,) + (--l)*2 



dvoljvf- 
(2.30) 



By Corollary 2.2, we have 

Corollary 2.6 For even n-dimensional spin manifolds without boundary, the follow- 
ing equality holds 



(27r)trf r \1_ 



s + {n- l)f 



dvolM- 



(2.31) 



By Corollary 2.3, we have 
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Corollary 2.7 For even n- dimensional spin manifolds without boundary and a one- 
form ^ , the following equality holds 



(2.32) 



By Corollary 2.4, we have 



Corollary 2.8 For even n-dimensional spin manifolds without boundary and a two- 
form ^ , the following equality holds 



Wres(L>^ 



n+2\ 



(27r)t 

(f - 2): JM 



I 

JM 



TV 



dvolM- 



(2.33) 



2.2 The Kastler-Kalau-Waize type theorem for perturbations of Dirac op- 
erators for manifolds with boundary 

Let M be a 4-dimensional compact oriented spin manifold with boundary dM 
and we assume that the metric g^^ on M has the following form near the boundary, 

where 5^*^ is the metric on dM. h{xn) G C°°([0, 1)) = {/i|[o,i)|/i G C~((-£, 1))} for 
some e > and satisfies h{xn) > 0, /i(0) = 1 where Xn denotes the normal directional 
coordinate. We want to compute Wres[(7r+D^^)^] (for the related definitions, see 
[Wal]). By (2.2.4) in [Wal], we have 

Wres[(7r+L>;i)2] = / / tTaces^TM)W-4{D^^)H0dx + [ (2.35) 

JmJ\^\=1 JdM 

where 

(_^)|a|+J+fe+l 



^ 4l=i/-oo ,5o^"'(i + ^ + l)! 

xtmcesiTM)[diJPia+{D^'){x',0,e,^n)xd^'dl^'d',^ai^^^^ 

(2.36) 

where the sum is taken over r — k — \a\ + 1 — j — 1 = —4, r, / < — 1 and a^(D^^) = 
TT^ (Tr(-D^^) (for the definition of tt"*", see [Wal]). By Theorem 2.5, we have 



/ / tT[a.4{D^')H0dx = 47r2 / TV -^s - Uc(eO*c(e,) + (J - 1)* 

(2.37) 

So we only to compute Jqj^ Similar to Lemma 2.1 in [Wal], we have 



dvolM- 
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Lemma 2.9 



q-i 



(2.38) 



Similar to the computations in section 2.2.2 in [Wal], we can compute $ in five 
cases. Since q-i{D^^) = then cases a (I), (II), (III) in our case are the 

same with the cases a (I), (II), (III) in [Wal]. So we only need to compute the case 
(b) and the case (c). By Lemma 2.9, 

case(b) := -i / trace[7r^ g_2(^~^) x dcq_i{D~^)]{xo)d^n(^{^')dx' 

7|ei=i ^-oo ^" 

-^|^^l^^/^"trace[7^+ (^^^||r^) x d^„q.,{D-')]{xo)dCnCT{e)dx' . (2.39) 

By the case (b) in [Wal], we have 

r /•+00 
-i / / trace[7r+ g-2(^-') x 5^„9_i(L>-i)](xo)d^„a(e')dx' = -nh' {0)nsdx' , 



where ^3 is the canonical volume of 3-dimensional unit sphere. 



(2.40) 



-I 



(^o)||5'| = 



[C(C') + CnC(dx„)]*[c(e') + inC{dXn)\ 



c(g')^c(g')+c((fan)^c(g')t?n+c(g')^c(da:„)?7„+c(dj;„)^c(cix„)T?^ 



'r+ (^n - if 

c(e')*c(e') + c(dx„)^'c(e')??n + c(e')*c(dx„)r?„ + c((ia;„)^c(dx„)r?2 1 



(??n + «)^(Cn - rin) 



"4(Cn-^)2 



c(r)^c(r) 



[c{dXn)^c{0 



+c{0'^c{dXn)] 



%9-l||€'|=l = v-1 
By (2.41) and (2.42) and 



c{dXn 



c{dXn)^c{dXn)- 



c(CO 



(2.41) 
(2.42) 



cim\i'\=i = -1, c{dxnf = -1, c(C')c('^a;,) = -cidXn)c{e),Tr{AB) = Tr{BA), 

(2.43) 



we get 



trace 



(a;o)||e'| 
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^ 'IV[c(dx„)*] + — ^TV[c(^')*]- (2-43) 



2(1 + ^ ' ' ' 2(l + e)2 

Considering for i < n, Ci<^{^') = 0; then 

f + OO 



-^1^,^^^/ Jtrace[7r+ x %g_i(i^-i)](xo)dCn^(^')rf^' 

= ^n3T^[c{dxn)^dx' , (2.44) 

and 

case (b) = ^Trh' {0)n3dx' + ^n3Tr[c{dxn)'^]dx' . (2.45) 
8 4 



case (c) = -i / trace[7r/ g_i(i:)~^) x de„q-2{D~^)]{xo)d^n(^{^')dx' 

J\C\=lJ-co 
I" r+oo 

—i / tra 

J\e\=i J-oo 



7r+g_i(Z?-i)x% 



{xo)d^n<JiOdx'. (2.46) 



By the case (c) in [Wal], we get 

-i / / trace[7r+ q-i{D-^) x a^„g_2(L'-^)](xo)d€„a(e')dx' = --7r/i'(0)J]3C^x'. 



Direct computations show that 



+ fn-i^f M c(^0 + icjdxn) 

^t<l-l{D )(xo)||^'|=l = ^^^^ _ : 

c(o^c(e) 

c{dXn)^c{^') + c{^')^c{dXn) + 2^riCidXn)'^ c{dXn) 4CnC{0^c{0 



(2.47) 
(2.48) 



and 



trace 



(1+aF 



7r+(z_i(D-^)x% 



(2.49) 



-1 



r^[c(e')*] + 



(?n-i)(Cn + i)3 

■<^-i(^")x^«M |e|4 



/ / trace 

/|^'| = l J-oo 



c(o*c(e) 



= -|j73TV[c(dx„)*]dx', 



(1+a)^ ' 

(2;o)||5'|=i 
Tr[c{dxn)^]. (2.50) 

(a;o)c?CnO-(C')'^^' 

(2.51) 



case (c) = -^7rh'{0)n3dx' - ^J)3Tr[c(dx„)^']da;'. 



(2.52) 



Then the sum of cases (b) and (c) is zero and $ is zero. Then we get 



Theorem 2.10 Let M be a A-dimensional compact spin manifold with the boundary 
dM and the metric as above, then 



Wres[(7r+D^^)2] = Att"^ [ TV 

Jm 



.Ls - ^^^>c{ei)^ciei) + *2 



dvolM- (2.53) 



In [Wa2], we proved the Kastler-Kalau-Walze theorem associated to Dirac oper- 
ators for 6-dimensional spin manifolds with boundary. In fact, our computations are 
correct for general Laplacians, then we get 



Theorem 2.11 Let M be a 6-dimensional compact Riemannian manifold with the 
boundary dM and the metric as above and A be a general Laplacian acting sec- 
tions of the vector bundle V, then 



Wres[(7r+A-i)2] = Svr^ / Tr[J + ^]dvolM- 

Jm 6 



(2.54) 



Since is a general Laplacian, then we get 

Corollary 2.12 Let M be a 6-dimensional compact spin manifold with the boundary 
dM and the metric g^ as above, then 



Wres[(7r+D^^)^] = SttM TV 

Jm 



_Ls _ i^rc(ei)*c(ei) + 2*2 



dvolM- 



(2.55) 



In the above two cases, the boundary terms vanish. In the following, we will give 
a boundary term nonvanishing case and compute Wres((D^D)~^). 



And 



D^D = -g'Widj + (-2(7^' + P + *c(^)) dj 

+g'^[-di{aj) - aiaj + rf cTfc + '^c{di)aj] + ]-s. 



-^r>'^cidk) + g'^ 



(2.56) 
(2.57) 

(2.58) 
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D^D = -b^^(Va,Va, - VyL^Q.)] + ls- ^V|(*)c(ei) + ^*c(e,)*c(ei). 
Then we get 



(2.59) 
(2.60) 



Theorem 2.13 Let M be a 4- dimensional compact spin manifold without the bound- 
ary, then 



Wres[iD^,D)-^] = 4tt^ [ Tr 

Jm 



1 1. 



1 



-^2^ + 2Vf,(*)c(e^) - -^c(e,)*c(ei) 



dvolM- 
(2.61) 



When is a one form, we can get the fohowing corollary: 

Corollary 2.14 Let M be a 4- dimensional compact spin manifold without the bound- 
ary and be a one form , then 



Wres[(L»*L>)-^] = 167r2 / 



dvolM- (2.62) 



Now we compute Wres[7r+L'^^7r"'"D ^]. We have cases (a) and (b) are the same 
with Theorem 2.10, but case (c) = —t-Kh' {i))^^dx' , then we get 



/ $ = ^03/" TV[c(cix„)*]dvola^, 

JdM 4 Jqm 



(2.63) 



and 



Theorem 2.15 Let M be a 4- dimensional compact spin manifold with the boundary, 
then 



+ ^ei{^)c{e^) - ^*c(ei)*c(e,) 



Wres[7r+D^V+D-^] = iir^ [ Tr 

Jm 

+^^3 / Tr[c((ix„)*]dvol9^. 
4 JdM 



dvolM 
(2.64) 



Remark. When ^ is not a one- form, then boundary term vanishes. When ^' = Kdxn 
near the boundary where K is the extrinsic curvature, then the boundary term is 
proportional to the gravitational action on the boundary. In fact, the reason of the 
boundary term being not zero is that tt+D^ and tt+D are not symmetric. 
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3 The Kastler-Kalau-Walze type theorem for conformal 
perturbations of Dirac operators 

In [CM], Connes and Moscovici defined a twisted spectral triple and considered 
the conformal Dirac operator e^De^. In this section, we will prove the Kastler- 
Kalau-Walze theorem for conformal Dirac operators. That is, we will compute 
Wres[/D~^5D~^] for nonzero smooth functions f,g. 

Wves[fD-^gD-^] = WTes[{f-^Dg-'^D)-^] 

= Wres {if-'g-'D^ + f-\D, g-^]D)-'} 

= f fgwves[{D^ - g-'c{dg)D)-'], (3.1) 

where wres denotes the residue density and we note that the Kastler-Kalau-Walze 
theorem is correct pointwisely. 

- g-^c{dg)D = -g'^didj + [-2a^ + P - g-^c{dg)c{&)]dj 
+[-d^(Jj - a^aj + T^Uk + 9"^ c{dg)c{d^ )a j\. 

uJi = ai + ^g~^c{dg)c{di), 

E = ~ + g-^c{dg)c{&)a, - cP[\g-'c{dg)c{dj)] - g-^c{dg)c{di) 

-\g-^c{dg)c{di)a' - -^g'^g-^c{dg)c{di)g-^c{dg)c{dj) + ]^g-^ c{dg)c{dk)TK (3.4) 



(3.2) 
(3.3) 



Since E is globally defined, we compute it in the normal coordinates 
T^{E){xq) = IV 



si 1 
~4 ~ 2^o^^~^^^'^3))c{dj) - -g''^c{dg)c{di)g'''^c{dg)c{di) 



{xo). 
(3.5) 



Tr [g-^c{dg)cidi)g-^cidg)cidi)] (xo) 
dg dg 



= g-'TT 



g-'^Tr 



dxk dxi 



c(dk)c{di)c{di)c{di 



= 5"'Tr 



i,k 
2 



dxi 
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Similarly, 



So 



And we get 



T,[d^{g-'c{dg))c{d,)\=Y, 



1 ( dg 



g^ \dx 



-1^ 



3 ^ 



(3.6) 



(3.7) 



(3.8) 



Theorem 3.1 Let M he a A- dimensional compact spin manifold without boundary, 
then 

Wves[fD-^gD~^] = -Att^ [ /[^ + 2A(5)]dvolM. (3.9) 



When /, g have zero points, (3.9) is also correct. Now we consider manifolds with 
boundary and we will compute Wies[-K^ {f D~^)Tr~^ {gD~^)]. As in [Wal], we have five 
cases. 



case (a) I = -fg / / trace[a?,7rt g_i x d^,d^^q^i]{xo)d^n(^{C')dx' 

-fJ2^j(9) / ^ trace[%7r+(?_i X %(?_i](xo)denCT(?')dx', (3.10) 



|a|=l 



By the case (a) I) in [Wal], then 

r"+00 
'|^'|=1 J-oo 



r r+co 

-fa / 5^ trace[a|',7r+g_ix9^,a^„g_i](xo)cienCT(C')^^^' = (3.11) 



a\=l 






= ^< ( 


' / 








Vn - i 



1+a 

c(^') + ic{dxj 
2(C„ - i) 

c{dXn) 2^nC{0 



By Tr[c{dxj)c{dxn)] = for j < n and i|^/|=i = for j < then 

"+00 



(3.12) 
(3.13). 



j<n 



\i'\=lJ-oo 



trace[a5.7r+g_i x d^^q-i]ixo)d^nCTiOdx' = 0, (3.14) 



|a|=l 
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and the case (a) I) is zero. 

case (a) II = --fg / / trace [5a;„7r^g_i x dl^q-i]{xQ)d£,n(^{Odx' 

-ly9dxj / / trace[7r+5_i x dl^q-x\{x^)din<y{^^)dx' , (3.15) 

^ J|^'|=l J— OO 

By the case (a) II) in [Wal], we get 

~o/5 / / trace [5a;„7rtg_i x 5? g_i](a;o)dCnO-(^')<^^' = -^■^h'{0)n3fgdx'. 
^ J\fJ\=\ J -oo ° 

(3.16) 



By Lemma 2.2.4 in [Wal], then 



— 4z 

trace[7r+g_i x a|„g_i](xo)|e|=i = _ ■^(^^ ^ ■^3 ' (^-IS) 



and 

f+00 



So 



/• /•+00 

/ / trace[7r+(/_i X a|„g_i](xo)d^nfT(0 = 7r^J^3- (3.19) 



3 TTZ 

case (a) II) = --t,U {^)^^! gdx' - -^^gd^^ if)dx'. (3.20) 



case (a) III) = ~-fg / / trace [5^„7r+g_i x d^^da:„q-i]{xo)d^n(^{^')dx' 
^ J\^'\=i J -00 ^ 

-\fdxn9 I I trace [5j„7r+Q_i x d^^q-i]{xQ)d^nCr{Odx' , (3.21) 
2 7|5'|=i7-oo ^ 

Similar to case (a) II), 

case (a) III) = -'nh' {^^f gdx' + -^^fd^^ {g)dx' . (3.22) 

As in [Wal], the sum of cases (b) and (c) is zero. Then we obtain 

/ $ = ^ / [fd,„ {g) - gd,^ (/)].„=odvol9M. (3.23) 
JdM ^ JdM 

Theorem 3.2 Let M he a 4:- dimensional compact spin manifold with boundary, then 

Wres[7r+(/L>-^)7r+(5L>-^)] = -A^ f /[^ + 2A(5)]dvolM 

Jm ^ 
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+^ / [fd.M-9d.M)]\x„=odyol9M. (3.24) 

^ JdM 

When / = 1, g = XnK near the boundary, we have the boundary term is propor- 
tional to the gravitational action on the boundary. 

4 The spectral action for perturbations of Dirac opera- 
tors 

In [IL], lochum and Levy studied the spectral action for Dirac operators with one 
form perturbations and proved that there were no tadpoles for compact spin manifolds 
without boundary. In [SZ], they investgated the spectral action for scalar perturba- 
tions of Dirac operators. In [HPS], Hanisch, PfafHe and Stephan derived a formula for 
the gravitional part of the spectral action for Dirac operators on 4-dimensional spin 
manifolds with totally anti-symmetric torsion. In fact Dirac operators with totally 
anti-symmetric torsion are three form perturbations of Dirac operators. In this sec- 
tion. We will give some details on the spectral action for Dirac operators with scalar 
perturbations and we also compute the spectral action for Dirac operators with two 
form perturbations on 4-dimensional spin manifolds. 

For the perturbed self-adjoint Dirac operator D^, we will calculate the bosonic 
part of the spectral action. It is defined to be the number of eigenvalues of D$ in the 
interval [—A, A] with A G R+. As in [CCl], it is expressed as 

/ = trF (§) . (4.1) 

Here tr denotes the operator trace in the completion of r{S{F)), and F : R"*" — )• 
R+ is a cut-off function with support in the interval [0, 1] which is constant near the 
origin. Let dimM = n. By Theorem 2.1, we have the heat trace asymptotics for 

tr(e-*^i')~^r-fa2„(i?|). (4.2) 

n>0 

One uses the Seeley-deWitt coefficients a2n(-C|,) and t = A~^ to obtain an asymptotics 
for the spectral action when dimM = 4 [CCl] 

/ = trF (^^^ ~ A^F4ao(L»|) + A'^F2a2{Dl) + A°Foa4(i^|) as A ^ oo (4.3) 

with the first three moments of the cut-off function which are given by F4 = sF{s)ds, 
F2 = F{s)ds and Fq = F{0). Let 

Qij = Ve,Ve, - Ve.Ve, - V[e,,e,]. (4.4) 
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We use [Gi, Thm 4.1.6] to obtain the first three coefficients of the heat trace asymp- 
totics: 

ao(D*) = (47r)~5 [ tr(Id)dvol, (4.5) 

02(^0*) = (47r)-t / tT[^ + Ejdvol, (4.6) 
Jm 6 

(47r)"t f 

a4{D^) = / tr[-12Rijij^kk + ^RijijRklkl 



M 



-2RijikRijik + 2RijkiRijki - GORijijE + 180^^ + 60E,kk + 30^^y Oi^JdvoZ. (4.7) 

When = /, by (2.17) and (4.6), 

a2iDj) = (27r)-t [-^ + {n - l)f]. (4.8) 

5s^ + 60sE + 180E^ = ^s^ _ 3o(„ _ 1)^/2 + i80(n - iff. (4.9) 

Tr[i7ijriij] is globally defined, thus we only compute it in normal coordinates about 
xq and the local orthonormal frame obtained by parallel tansport along geodesies 
from xq. Then 

costixo) = 0, di{c{ej)) = 0, [e^, e,](xo) = 0. (4.10) 
We know that the curvature of the canonical spin connection is = —jRfjg^c{es)c{et). 



n{ei,ej){xo) = [ei+^^Wst(ei)c(es)c(et)-/c(ej)][ej + ^^a;st(ej)c(es)c(et)-/c(ej)] 

s,t s,t 

-[ej + 2^^st{ej)c{es)c{et) - /c(ei)][ej + ^^ujst{ei)c{es)c{et) - /c(ej)] 

s,t s,t 

= -^R^.A'^M^) - <^iif)c{ej) + ejifXei) + 2fc{ei)c{ej), for i ^ j. (4.11) 



So 



Tv[n,jn,j]{xo) = Y^Tvl^Rff,,Rff,^,^c{eMet^^^^^ 



+ej{ffc{eif + 4fc{ei)c{ej)c{ei)c{ej) 

-e^(/)ei(/)[c(e,)c(e,) + c(e,)c(e,)]} . (4.12) 

By (2.23), we obtain 

Tr[^Rf^,tRfjs,tA^s)c{et)c{eMet,)] = -^{Rf^stf, (4-13) 
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^Tr[e,(/)2c(e,)2 + e^U?c{e^f] = 2d{l - n)Y,e,{ff = 2d{l - n)\df\\ (4.14) 



Tr[4/4c(e,)c(e,)c(ei)c(e,)] = -Adn{n - l)/^ (4.15) 
X;Tr[-e,(/)e,(/)(c(e,)c(e,) + c(e,)c(e,))] = 0, (4.16) 

^Tr|-^i?y,,[c(e,)c(et)c(e,)c(e,) + c(ei)c(e,)c(e,)c(ei)]| = ~2fds. (4.17) 
By (4.12-4.17), we obtain 

IV[^^yO^,■] = ~{Rf^,tf + 2d(l - n)|d/|2 - 2fds - Mn{n - (4.18) 
By (4.7) (4.9) and (4.18), we get 
Theorem 4.1 ([SZ]) 

' 3As + fs^ - 30(n + l)sf + 60(n - 1) (n - 3)/^ 



360 X (47r)2 

-2RijikRljlk - \Rlst + 60(1 - n)|o(f |2 - 60(n - l)A(/2) 



(4.19) 



Now we let \I/ is a two form and ^ = YliUl'^kl^^ ^ where a^i = —ai^. We 
may consider \f^^ for selfadjoint perturbed Dirac operators. By Corollary 2.4, we 
obtain 

a2{D^) = d(47r)-i[-^ + (6 - 2n)\^\ (4.20) 
Firstly, we compute Tr(£;2). By (2.22) and (4.10), 

ej{aki) [c{ek)c{ei)c{ej) - c{ej)c{ek)c{ei)] = Aek{aki)c{ei), (4.21) 

aki [c{ei)c{ek)c{ei) + c(efc)c(e/)c(ei)] ak^i^ [c(ej)c(efcjc(ei J + c(efcjc(eijc(ei)] 
= Y '^akic{ek)c{ei)c{ei) ^ 2afciiic(ei)c(efeJc(eiJ 

= -4 ^ «««feiii<^(efc)c(eOc(efeJc(e/J 

ik^l^ki^h k=ki,l^li k=li,l^ki l=ki,k^li l=l\,k^k\ 
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+ X! + XI ) [(^kiakihc{ek)c{ei)c{eki)c{ei^)] 

k=ki,l=li k=li,l=k\l 

= -4(n-4) ^ awafei/ic(efc)c(e/)c(efejc(e/j 

-16(n - 3) ^ akiUkiAeiHei,) + 8(n - 2)4^. (4.22) 

Similar to (4.22), we have 

[akic{ek)c{ei)]'^ = ^ afe;afei/ic(ejk)c(e/)c(efeJc(e/J+4^ ajk/afeiic(e/)c(e/J-24,. 
k^l^ki^h l^h 

(4.23) 

Then 

£^ = + 2efc(afc;)c(e/) + (n - 5) ^ afciafci;ic(efc)c(e/)c(efci)c(e;J 

+(4n - 16) ^ awaw,c(e/)c(e/J + (6 - 2ra)4,. (4.24) 

Now we can compute Tr(£^^). 

Tr[2ejfc(afei)c(e/)2ejki(ajki;Jc(eiJ] = -4:dek{aki)ekMkih) = -d|(5*p(xo), (4.25) 

TV[(- J + (6 - 2n)|*|2)2] = + (n - 3).|X|2 + (2n - 6f\X\% (4.26) 



tr 



= akiaki^ak^pak^q{-5\ + (5f5fjTr[Id] = 0, (4.27) 

c(ep)c(eg)] = 0, (4.28) 

k^l^ki^h p¥^q 

X X Tr[afeiaiki/ic(efe)c(ei)c(ejki)c(e;i)apgartc(ep)c(eq)c(er)c(et)] 

ki^l^kii^hp^qi^r^t 

= XI Tr[awafciiic(eit)c(e;)c(eA;i)c(e;Japqartc(ep)c(eg)c(e^)c(et)] 

{fc,i,A;i,ii}={p,g,r,t} 

= 8d|^'|^ - IQdakiak^l^akkiaiii = 8d|^|'^ - (iie;^ie,(*)iefejie(J^)«efciefc^ (*)«e(«e,J^')- 

(4.29) 

By (4.24-4.29), we get 



+ ^ + (n - 3)s|^'r + 4(3n^ - 26n + 59)|*r 
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-(n - 5)\,ie, (^)*efe/e,^ (^)ie,ie,^ (1')ie,iei, W 



(4.30) 



In the following, we compute TT[fl{ei, ej)il{ei, ej)]{xo) under normal coordinates and 
n = 4. ^ 

Ve, = Ci + - '^ujst{ei)c{es)c{et) - ^ akic{ek)c{ei)c{ei) 



s,t 
1 



n{ei,ej){xQ) = -^Rf^,tc{es)c{et) - e, 



X] (^kic{ek)c{ei)c{ej) 



+6, 



XI akiciek)c{ei)c{ei 



k,l^i 



(4.31) 



+ XI X «fei^ic(efci)c(eh)c(ej) 

k,l^i k\,h^j 

- X «fci^ic(efci)c(eijc(ej) ^ akic{ek)c{ei)c{ei). 
ki,hy^j k,l^i 

In the last two terms in (4.31), we note that i ^ j, k,l ^ i, ki,li ^ j, k ^ I, ki ^ li 
and n = 4. We divide into three cases. 

Case I) /c,/ / j Then {k,l,i,j} = {1,2,3,4} and {A;i,/i} C {k,l,i}. There arc 
six possibilities as follows l)k = ki, I = h 2)ki = I, li = k 3)ki = k, li = i 
A)ki = i, li = k 5)ki = I, li = i 6)ki = i, li = I 



Case I) = X [4c(ej)c(ei)4; + ^akiakic{ei)c{ej)]. 



(4.32) 



Case II) k = j, thus I / j. Then l,i,ki,li,^ j and at least a pair equals. In 
{l,i,ki,li}, if the index i emerges twice , then ki = i oi li = i. If the index i emerges 
once, then I = ki or Z = Zi . We can get 

Case II) = 4 ^ ajiaii^c{ei)c{ei^) + A ^ «j7«fciic(ei)c(efei). (4.33) 

Case III) I = j, thus k 7^ j. Similar to case II), we obtain 

Case III) = 4 ^ ajfeaiiic(efe)c(e/J + 4 ^ o,jkahkc{ei)c{ei-,). (4.34) 



So 



C := ^ akic{ek)c{ei)c{ei) ^ afciiic(ejti)c(e/Jc(ej 
- X «feiiic(efci)c(e;i)c(ej) X "«c(eA;)c(ei)c(ej) 

ki,hj^j k,lj^i 
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= ^ m 4ic(ej)c(ei) + 8 ^ akiakic{ei)c{ej) 
+8 ^ ajiaiij^c{ei)c{ei^) + 8 ^ ajiak^ic{ei)c{eki). 
Now we compute Tr[J7(ej, ej)fi(ei, ej)](a;o). 



(4.35) 



Tr 



i?,f,,c(e,)c(eO 



-7?2 



(4.36) 



Tr 



X] ei(aw)c(eA;)c(ei)c(ej) ^ ei{ak^i^)c{ek^)c{ei^)c(ej 



2c?^ ^ ei(a«)^, 
(4.37) 



16Tr 



XI ^ll^i^jyi^i) X 4iiiC(ej)c(ei) 

ki=^li^i,i kiytli^ij 



-IS^^E E «M , (4.38) 



TV 



64Tr J2 akiakic{ei)c{ej) ^ Ofcih«*;iic(e;i)c(ej) 
k,l^i,j ki,li^i,j 

= — 64dX E '^kio-kiiakiakii, 

k,l,ki,¥=i,j 

64Tr X 0'jkaiic{ek)c{ei) ^ d'jki^^ili 

= 64dX E i-a%al + ajkaiiajiaik). 

E E e*(«fc^)c(efc)c(e;)c(ej) ^ ej(afciii)c(efci)c(ezi)c(ei 
j ki,hjti 



(4.39) 



(4.40) 



0, (4.41) 



2Tr 



i?i^,,c(e,)c(et) X C 



4d X (RijjiO'll+'^^ijij^kiaki+'^Rijkiajkaii), (4.42) 



and the trace of the product of the different terms in C is zero, so we get 

^TT[n,,n,,]{xo) = -^43* + E ^^M' - ( E I 

i¥=j k,lj^j i^j \k,l^i,j j 

-128 X E «««fci;«*;i"feii + 64X E + O'jkauajiaik) 

iytj k,l,ki,¥=i,j i¥=j k^lj^i^j 
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+4 E ^^i:>ji'^kl + '^^ijljci'kici'ki + '^Rijkici'jkaii)- (4.43) 
By (4.7) (4.30) and (4.43), we obtain 

Theorem 4.2 Let = ^ Ofc/e'^ A where Uki = —aik (I'^d dimM = 4, t/ien in the 
normal coordinates about xq, 

a4{D^){xo) = I A(35 + 120|*p) + - 2RijikRijik - \Rlki + 60s|*p 

-180|<5*|2+2160|*|4-180^e,^e,(*)^e,,^e,,(*)^e,^e,,(*)^e,^e^ 
+120^5]e,(afei)2-480^ E "'^ 

JT^j k,l^j i^j \k,l^i,j 

-3840^ ^ Qkiakiiakiakii + 1920^ ^ {-aj^al + ajkauajiQik) 

ijtj k,l,ki,¥=i,j i¥=j kj^l¥=i¥=j 

+120 {Rjjjjali + ARjjijakiaki + ^Rijuajkag) > • (4.44) 

A;,/^«j I 
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